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1 They have the same contribution to this work.Creep fracture of solids at high temperature is vital to applications of many advanced materials, but most
of the previous works are performed within the frame of two-dimensional theory. By using the out-of-
plane stress constraint factor Tz, here we derive out three-dimensional asymptotic ﬁelds near the border
of mode-I through-thickness cracks in power law creeping solids. It is found that the asymptotic ﬁelds
near the crack border are dominated by both Tz and C(t) integral. Detailed ﬁnite element analyses are
carefully performed for single-edge cracked specimens and centre-cracked tension specimens to investi-
gate the dominance of the asymptotic solution for the crack border ﬁelds. It is shown that the C(t)  Tz
description based on the obtained three-dimensional asymptotic solution can provide efﬁcient prediction
for the tensile stress ahead of the crack front under small scale creep condition. Under extensive creep
conditions, a third parameter Q⁄ should be introduced to take into account of the loss in the in-plane con-
straint caused by in-plane geometries and loading conﬁguration at extensive creeping, and a three-
parameter C(t)  Tz  Q⁄ description is proposed and proven to be efﬁcient to predict the tensile stress
on the ligament ahead of the crack for both specimens. Therefore, the two-parameter C(t)  Tz and
three-parameter C(t)  Tz  Q⁄ descriptions can provide advanced theoretical basis for small and exten-
sive creeping fracture assessments, respectively.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
According to Riedel (1987), the typical elastic creep-time curve
of solids consists of three stages of creeping deformation as shown
by Fig. 1. Following an initial elastic strain eel produced at the in-
stant of loading, the three stages occur progressively over time.
In the primary stage, strain e increases with decreasing strain rate
_e as time going. When entering the secondary stage (or steady state
regime), strain increases at a constant strain rate obeying the Nor-
ton power law. While in the ﬁnal tertiary stage, strain increases
sharply with increasing strain rate and ﬁnally leads to fracture
when strain reaches the failure value ef at time tr. For most creep-
ing solids, the stationary stage takes most of the creeping life.
Therefore, our study in this work will concentrate to the important
secondary stage.
With reference to polar coordinates, r and h, centered at the
crack tip, the crack tip ﬁelds have been described by Riedel and
Rice (1980) using a single parameter C(t) in two-dimensional
(2D) ideal plane stress and plane strain states as follows:ll rights reserved.
.rij ¼ CðtÞBInr
  1
nþ1
~rijðh;nÞ; ð1:1Þ
_eij ¼ B CðtÞBInr
  n
nþ1
~_eijðh;nÞ; ð1:2Þ
_uij ¼ Br CðtÞBInr
  n
nþ1
~_uijðh;nÞ; ð1:3Þ
where B is the creep parameter and n is the creep exponent of the
solids in the Norton power law (or power law creeping),
_e ¼ _r
E
þ Brn; ð1:4Þ
where E is Young’s modulus.
The above solution has been widely recognized as the RR ﬁeld
solution, in which the dimensionless constant In and angular func-
tions ~rij, ~_eij and ~_uij depend only on the creep exponent n in plane
stress or plane strain state, but quite different in the two limited
stress states. These functions can only be solved out through
complicated numerical process and the results have been tabulated
by Shih (1983). The C(t)-integral is path-independent within the
creep zone, deﬁned as the region where the equivalent creep strain
ec ¼ 23 ecijecij
 1=2
exceeds the equivalent elastic strain ee ¼ 23 eeijeeij
 1=2
(Riedel and Rice, 1980).
Fig. 1. Typical creep-time curve of solids.
Fig. 2. (a) Deﬁnition of the coordinate system and (b) the sheet element in x–y lane.
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tionship of the C(t)-integral and J-integral under small scale creep
conditions as
CðtÞ ¼ J
nþ 1ð Þt : ð1:5Þ
Under extensive creep conditions, the C(t)-integral approaches a
constant C⁄,
CðtÞ ! C: ð1:6Þ
While Ehlers and Riedel (1981) suggested the following formula for
C(t) between small scale creep and extensive creep,
CðtÞ ¼ C tT
t
þ 1
 
; ð1:7Þ
where tT is the transition time, which can be obtained by replacing
C(t) in Eq. (1.5) by C⁄ and rearranging the expression as
tT ¼ Jnþ 1ð ÞC : ð1:8Þ
The RR solution in a semi-inﬁnite elastic-power law creeping
solid with an edge crack under plane strain condition was investi-
gated by Li et al. (1988) employing a rate-tangent modulus ﬁnite
element method (Peirce et al., 1984), and it was concluded that
the RR ﬁelds dominate only about one-ﬁfth the extent of the creep
zone under small scale creep conditions. The analysis was ex-
tended to extensive creep condition for a single edge-cracked spec-
imen under both plane stress and plane strain conditions by Yang
et al. (1996), which shows that the stress-based RR-dominance
zone occupies a fraction of the creep zone in the plane stress state
and a very narrow strip zone in the plane strain state. These results
show that the RR solution must be improved to consider the con-
straint effects caused by the three-dimensional (3D) geometry of
components and loading mode, etc. Nguyen et al. (2000a,b) pro-
posed a three-term description C⁄  A2  r1, in which the param-
eters A2 and r1 account for the constraint effect imposed by the
speciﬁc geometry and loading conﬁguration. Laiarinandrasana
and Kabiri (2006) introduced a parameter Q⁄ to take into account
of the in-plane constraint effect in creeping solids by analogy to
the Q parameter, a hydrostatic stress parameter to represent all
higher order terms of the series expansion for elastic–plastic cracks
(O’Dowd and Shih, 1991; O’Dowd and Shih, 1992). Their results
lead to negative Q⁄ values, means that the numerical opening
stress is lower than that of the RR solution (plane strain). Concern-
ing laboratory tests, they concluded that a creep crack growth pre-
diction via da/dt versus C⁄ curve should be conservative. However,
the mentioned two and three parameter approaches are mainly
developed for consideration of the in-plane constraint, caused by
in-plane geometry, size and loading conﬁguration. But actual com-
ponents have ﬁnite thicknesses and the stress state is 3D near a
real crack border. To have a more realistic description for 3D crack
border ﬁelds, the effect of out-of-plane constraint as revealed by
Guo (1993a,b, 1995) for elastic–plastic solids should also beexplored in creeping solids. However, the out-of-plane constraint
effect on the crack border ﬁelds in power law creeping solids has
not yet been reported.
In this paper, we develop a theoretical basis for the crack border
ﬁelds under Mode I creep conditions by introducing Guo’s concep-
tion of out-of-plane constraint. Guo (1993a). The governing equa-
tion including the out-of-plane constraint factor Tz is obtained
theoretically and solved numerically. Further theoretical investiga-
tion on the C(t)-integral and crack tip opening displacement
(CTOD) shows that they are correlated with Tz. Based on these ﬁnd-
ings, a two-parameter C(t)  Tz description for the 3D crack border
ﬁelds is proposed under small scale creep conditions, which is
analogous to small scale yielding conditions in elastic–plastic sol-
ids; while under extensive creep conditions, it is necessary to
introduce a third parameter Q⁄, which is analogous to Q introduced
in elastic–plastic solids under large scale yielding conditions.
The analogy between power law creeping and power law plas-
ticity suggests that the constraints in the two kinds of solids should
be analogous. As have been widely accepted, two typical conﬁgura-
tions have been selected to represent geometries which maintain
or lose in-plane constraint. Single-edge cracked (SEC) specimens
exhibit positive T-stresses and in consequence develop full con-
strained crack border ﬁelds (Sham, 1991), while centre-cracked
tension (CCT) specimens exhibit negative T-stresses and hence de-
velop unconstrained crack border ﬁelds (Du and Hancock, 1991).
Our ﬁnite element analyses for the two typical crack and loading
conﬁgurations with ﬁnite thickness conﬁrm the efﬁciency of two-
parameter C(t)  Tz description and three-parameter C(t)  Tz  Q⁄
description for the tensile stress on the ligament ahead of the
cracks under small and extensive creep conditions, respectively.
With the powerful numerical analysis methodology and com-
puter ability, stress and strain calculations and the evaluation for
the dominated parameters for three-dimensional creeping cracks
become practically realistic. So the two- and three-parameter
description developed here should have wide engineering
applications.
2. Singular structure of the ﬁeld
2.1. Coordinate system
For a through-the-thickness straight crack, the coordinate
system is established as shown in Fig. 2(a). The origin point O is
located at the center of the specimen for convenience. A thin sheet
element lying in the x–y plane is taken as the object of study, and
the loading conﬁguration of the element for mode-I cracks is
illustrated in Fig. 2(b). Tz is deﬁned as Guo (1993a):
Tz ¼ r33= r11 þ r22ð Þ; ð2:1Þ
where and hereafter the subscripts 1, 2 and 3 stand for the Cartesian
coordinate components x, y and z or cylindrical coordinate compo-
nents r, h and z, respectively, with z axis along the direction tangen-
tial to the crack front line.
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the distribution of Tz near a mode-I crack in power law creeping
solids can be featured as:
(1) Generally, Tz = Tz(r,h,z), although the variation of Tz with h is
somewhat slight.
(2) When r? 0, Tz? 0.5; while r?1, Tz? 0.
(3) In the interior of the cracked body, Tz is higher and its change
in z direction is slight, while when the free surface is
approached, Tz decreases rapidly and at the free surface
Tz = 0. What’s more, when r? 0, the differentiation of Tz
with respect to z, @Tz/@z, is great near the free surface. There-
fore, the differentiation of Tz at the corner point, where the
crack front penetrates the free surface, must be great, even
may be unlimited.
The material is taken to be elastic-nonlinear viscous according
to Norton’s power law creeping relation-equation (1.4). Under
multi-axial stress states, the expression of stress–strain behavior is
_eij ¼ 1þ mE
_Sij þ 1 2m3E _rkkdij þ
3
2
Brn1e Sij; ð2:2Þ
where _eij is the creeping strain rate, Sij ¼ rij  rkkdij=3 is the devia-
toric stress, rij is the Cauchy stress, re ¼ 32 SijSij
 	1=2 is the equivalent
stress, m is Poisson’s ratio, B and n are the power-law creeping
parameters of the solids, and dij is the Kronecker delta symbol. A
dot over a quantity denotes the time differentiation. Generally, E,
m, B and n are obtained experimentally from uniaxial tests at tem-
peratures interested for a speciﬁc material.
As n > 1, the elastic strain rate near the crack border can be ne-
glected because of the singularity, which leads to high stresses and
strain rates. Then, in the vicinity of crack border, the Norton power
law creeping relation-equation (2.2) can be simpliﬁed as
_eij ¼ 32Br
n1
e Sij: ð2:3Þ2.2. Basic equations
For a 3D isotropic continuum without body force, the equilib-
rium equations are written as
rij;j ¼ 0; ði; j ¼ 1;2;3Þ: ð2:4Þ
The relationship between the inﬁnitesimal strain tensor ~e and
the displacement vector ~u in rate form is
_eij ¼ 12 _ui;j þ _uj;i
 	
: ð2:5Þ
The corresponding compatibility equations are given as
emjkenil _eij;kl ¼ 0; i; j; k; l;m;n ¼ 1;2;3ð Þ; ð2:6Þ
where eijk ¼ 12 ði jÞðj kÞðk iÞ.
When the Maxwell stress functions Uij are introduced, the
stress tensor satisfying the equilibrium equations can be expressed
as
rmn ¼ emkjenijUjj;kl: ð2:7Þ2.3. Basic hypotheses
As analyzed by Guo (1993a), we can propose the same hypoth-
eses as follows:Hypotheses 1.
rzzðr; h; zÞ ¼ Tzðrxx þ ryyÞ; ð2:8Þ
Tz ¼ Tzðr; h; zÞ ¼ TðzÞ 1þ
X1
i¼1
giðh; zÞrki
" #
; ð2:9Þ
where Tz? T(z) when r? 0, and 0 6 Tz 6 0.5.
Hypotheses 2.
rijðr; h; zÞ ¼ rfijðzÞeAijðh; TzÞ; ð2:10Þ
where fij(z) are functions of Tz, and so are dimensionless.
2.4. The singularity of stresses
If the differentiations of Tz are limited, then we can have the fol-
lowing derivation.
Let
x ¼ r cos h; y ¼ r sin h; z ¼ z: ð2:11Þ
Then combining the last three equations of Eq. (2.7) and hypothesis
2 gives
rxy ¼  @
2U33
@x@y
¼ rfxyðzÞeAxyðh; TzÞ; ð2:12Þ
ryz ¼  @
2U11
@y@z
¼ rfyzðzÞeAyzðh; TzÞ; ð2:13Þ
rxz ¼  @
2U22
@x@z
¼ rfxzðzÞeAxzðh; TzÞ: ð2:14Þ
Considering Eqs. (2.11) and (2.12) can be expanded as
rfxyðzÞeAxyðh; TzÞ ¼ @2U33
@r2
cos h sin hþ 2 @
2U33
@h@r
cos 2h
r
 @U33
@r
sin h cos h
r
 2 @U33
@h
cos 2h
r2
 @
2U33
@h2
sin h cos h
r2
: ð2:15Þ
Comparing both sides of Eq. (2.15), it can be seen that the dominant
term of U33 has the form of
U33 ¼ rfxyðzÞþ2 eU33ðh; TzÞ: ð2:16Þ
Similarly, it can be obtained from Eq. (2.13),
rfyzðzÞeAyzðh; TzÞ ¼  @2U11
@y@z
¼  @
2U11
@r@z
sin hþ 1
r
@2U11
@h@z
cos h
 !
: ð2:17Þ
For the convenience of analysis, let
U11 ¼ rf11ðzÞ eU11ðh; TzÞ: ð2:18Þ
Then
@2U11
@z@r
¼ f11ðzÞrf11ðzÞ1 @
eU11
@z
þ eU11 @f11ðzÞ
@z
ln r
" #
þ rf11ðzÞ @
2 eU11
@z@r
þ rf11ðzÞ1 @f11ðzÞ
@z
eU11 þ rf11ðzÞ @ eU11
@r
@f11ðzÞ
@z
ln r; ð2:19Þ
@2U11
@h@z
¼ rf11ðzÞ @
2 eU11
@z@h
þ rf11ðzÞ @
eU11
@h
@f11ðzÞ
@z
ln r: ð2:20Þ
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rfyzðzÞeAyzðh; TzÞ ¼ f11ðzÞrf11ðzÞ1 @ eU11
@z
sin h rf11ðzÞ @f11ðzÞ
@z
 ln r @
eU11
@r
sin h rf11ðzÞ @
2 eU11
@z@r
sin h
 rf11ðzÞ1 @f11ðzÞ
@z
eU11 sin h rf11ðzÞ1 @2 eU11
@z@h
 cos h rf11ðzÞ1 @f11ðzÞ
@z
 ln r f11ðzÞeU11 sin hþ @ eU11
@h
cos h
" #
: ð2:21Þ
As showing by Guo (1993a), in the range of 0 6 Tz 6 0.5, the follow-
ing inequality is tenable,
f11ðzÞ > 1: ð2:22Þ
Then there exist the following limits:
lim
r!0
rf11ðzÞ ln r ¼  lim
r!0
rf11ðzÞ
f11ðzÞ  r
f11ðzÞ; ð2:23Þ
lim
r!0
rf11ðzÞ1 ln r ¼  lim
r!0
rf11ðzÞ1
f11ðzÞ  1  r
f11ðzÞ1: ð2:24Þ
With Eqs. (2.23) and (2.24), Eq. (2.21) can be simpliﬁed near the
crack border as
rfyzðzÞeAyzðh; TzÞ ¼ rf11ðzÞ1u h; f11ðzÞ; eU11h iþ 0½rf11ðzÞ; ð2:25Þ
where the symbol 0(x) means that when x? 0, 0(x)? constant or
zero, u h; f11ðzÞ; eU11  is function of h, f11(z) and eU11. Therefore,
fyzðzÞ ¼ f11ðzÞ  1: ð2:26Þ
Then
U11 ¼ rfyzðzÞþ1 eU11ðh; TzÞ: ð2:27Þ
Similarly, it can be obtained from Eq. (2.14),
U22 ¼ rfxzðzÞþ1 eU22ðh; TzÞ: ð2:28Þ
Substituting Eqs. (2.16), (2.27) and (2.28) into the ﬁrst three equa-
tions of Eq. (2.7) gives
rxx ¼ rfxyðzÞ e/11 h; eU33ðh; TzÞh iþ rfxzðzÞþ1 @2 eU22ðh; TzÞ
@z2
; ð2:29Þ
ryy ¼ rfxyðzÞ e/21 h; eU33ðh; TzÞh iþ rfyzðzÞþ1 @2 eU11ðh; TzÞ
@z2
; ð2:30Þ
rzz ¼ rfxzðzÞ1 e/31 h; eU22ðh; TzÞh iþ rfyzðzÞ1e/32 h; eU11ðh; TzÞh i; ð2:31Þ
where /ijðh; eUkkÞ are functions of h and eUkk. According to hypothesis
1, the order of singularity of rzz is the same as rxx and ryy, so it can
be obtained from Eqs. 2.29 2.30 2.31 that fxy(z) 6 fxz(z)  1,
fxy(z) 6 fyz(z)  1, and at least one of the two equations should hold
up. Therefore, without loss of generality it can be assumed that
fxyðzÞ ¼ fxzðzÞ  1 ¼ fyzðzÞ  1 ¼ f ðzÞ  2: ð2:32Þ
From hypotheses 2, we can obtain that f(z) is function of T(z).
Substituting Eq. (2.32) into Eqs. (2.16), (2.27) and (2.28) leads to
Uii ¼ rf ðzÞ eUiiðh; TzÞ: ð2:33Þ
Then we can conclude from Eqs. 2.29 2.30 2.31 that the singular
terms of rxx and ryy are only related to U33. Therefore, in the
asymptotic ﬁeld at 3D crack borders, Eq. (2.7) can be simpliﬁed as:rxx ¼ @
2U33
@y2
¼ rf ðzÞ2eAxxðh; TzÞ; ð2:34Þ
ryy ¼ @
2U33
@x2
¼ rf ðzÞ2eAyyðh; TzÞ; ð2:35Þ
rzz ¼ Tz @
2U33
@x2
þ @
2U33
@y2
 !
¼ rf ðzÞ2eAzzðh; TzÞ
¼ Tzrf ðzÞ2 eAxx þ eAyy ; ð2:36Þ
rxy ¼  @
2U33
@x@y
¼ rf ðzÞ2eAxyðh; TzÞ; ð2:37Þ
ryz ¼  @
2U11
@y@z
¼ rf ðzÞ1eAyzðh; TzÞ  0ð0Þ; ð2:38Þ
rxz ¼  @
2U22
@x@z
¼ rf ðzÞ1~Axzðh; TzÞ  0ð0Þ: ð2:39Þ
Considering Eqs. (2.22), (2.26) and(2.32), the stresses ryz and rxz are
of the order of unity, and so can be ignored in the asymptotic anal-
ysis. While the in-plane stresses (rxx,rxy,rxy) and rzz are singular
with the order of singularity f(z)  2, which is a function of T(z).
Therefore, the singular stresses can be determined by the stress
function U33 alone.
As will be shown in Section 5.4, the out-of-plane shear stresses
ryz and rxz have indeed no singularity in the interior of the cracked
plate. As the possible range for unlimited Tz near the corner point is
quite small, conﬁning to r? 0 and z? the free surface, we can rea-
sonably assume ryz and rxz to be of the order of unity and to be ig-
nored in the asymptotic analysis. Then we proceed to investigate
the dominance of the singular stress ﬁelds based on U33 alone. It
is must be noted that Eqs. (2.34)–(2.39) can only be obtained with
ﬁnite gradient of Tz with z.
2.5. The singularity of strain rates
Substituting Eqs. (2.34)–(2.39) into Eq. (2.3) can yield the dom-
inant term of strain rates
_eij ¼ rn½f ðzÞ2e_Bijðh; TzÞ; ði; j ¼ x; yÞ ð2:40Þ
_eyz ¼ rn½f ðzÞ1þ1e_Byzðh; TzÞ; ð2:41Þ
_exz ¼ rn½f ðzÞ1þ1e_Bxzðh; TzÞ; ð2:42Þ
_ezz ¼ Tz  12
 
rn½f ðzÞ2e_Bzzðh; TzÞ: ð2:43Þ
Obviously, the in-plane strain rates ð _exx; _eyy; _exyÞ have the same sin-
gularity of the order of n(f(z)  2), while the strain rates _exz and _eyz
are still of the order of unity. As f(z) is function of T(z), the singular-
ity obtained here for 3D crack border strain rates keeps changing
with T(z), and the effect of T(z) on _ezz is much stronger. At the corner
point, Tz? 0, _ezz has the same singularity as in-plane strain rates,
and it means large out-of-plane deformation will occur, which has
been proved by experiments .(Masaaki et al., 1991).2.6. The compatibility of strain rates
As the singular stress ﬁelds near the creeping crack can be de-
scribed by one of the Maxwell stress functions U33, the following
compatibility equation can be used to determine this stress
function
@2 _exx
@y2
þ @
2 _eyy
@x2
¼ @
2 _exy
@x@y
: ð2:44Þ
Therefore, the general three-dimensional creeping crack problem
with three Maxwell stress functions and three compatibility equa-
tions can be simpliﬁed into a quasi-planar problem in the x–y plane
M. Xiang et al. / International Journal of Solids and Structures 48 (2011) 2695–2705 2699dominated by one stress function U =U33 with the triaxial stress
constraint Tz being considered.3. Asymptotic solution for the ﬁeld
3.1. Analysis method
It has been proven above that all of the in-plane stresses
(rxx,rxy,rxy) and rzz have the same stress function, which can be
assumed to have the form of
U ¼ Krf ðzÞ eUðh; TzÞ; ð3:1Þ
where f(z) is a function of Tz and K is the amplitude coefﬁcient.
For the convenience of analysis, let ðÞ ¼ @
@r ; ðÞ0 ¼ @@h.Fig. 3. Analytical results of f(z)  2 for different n plotted versus Tz.
Fig. 4. (a) Schematic of the SEC specimen subjected to symmetrical remote loading.
(b) Schematic of the CCT specimen subjected to symmetrical remote loading. (c)
Finite element mesh for upper half, crack-tip region and half-thickness.Substituting Eq. (3.1) into Eq. (2.7) leads to
rrr ¼ Krf ðzÞ2 ~rrrðh; TzÞ; ð3:2Þ
rhh ¼ Krf ðzÞ2 ~rhhðh; TzÞ; ð3:3Þ
rrh ¼ Krf ðzÞ2 ~rrhðh; TzÞ; ð3:4Þ
where
~rrrðh; TzÞ ¼ f eU þ eU00;
~rhhðh; TzÞ ¼ f ðf  1ÞeU;
~rrhðh; TzÞ ¼ ðf  1ÞeU 0:
If Tz is deﬁned as Tz ¼ rzz=ðrrr þ rhhÞ, then the dominant term of rzz
is
rzz ¼ TzKrf ðzÞ2ð~rrr þ ~rhhÞ: ð3:5Þ
On the basis of Eq. (2.3), Eqs. (3.2)–(3.4), the strain rates can be ex-
pressed as:
_err ¼ 32BK
nrnðf2Þ~_errðh; TzÞ; ð3:6Þ
_ehh ¼ 32BK
nrnðf2Þ~_ehhðh; TzÞ; ð3:7Þ
_erh ¼ 32BK
nrnðf2Þ~_erhðh; TzÞ; ð3:8ÞFig. 5. Comparison of results obtained by the RR description for plane stress and
plane strain, C(t)  Tz description and the 3D FE results for CCT specimens at (a)
t⁄ = 0.1 and (b) t⁄ = 10.
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~_errðh; TzÞ ¼ ~rn1e f 1
1þ Tz
3
f
 eU þ 2 Tz
3
eU00 ;
~_ehhðh; TzÞ ¼ ~rn1e f
2 Tz
3
f  1
 
~U 1þ Tz
3
eU00 ;
~_erhðh; TzÞ ¼ ~rn1e ð1 f ÞeU 0;
~r2e ðh; TzÞ ¼ ½1 Tz þ T2z  f eU þ eU 00 2 þ f 2ðf  1Þ2 eU2 
 ð1þ 2Tz  2T2z Þf ðf  1ÞeUðf eU þ eU 00Þ þ 3ðf  1Þ2 eU02:
While _ezz can not be determined by Eqs. (2.3) and (3.5).
The main compatibility relation equation (2.44) can be ex-
pressed as
1
r
r _ehhð Þ þ 1r2 _e
00
rr 
1
r
_err 
2
r2
r _e0rh
 	 ¼ 0; ð3:9Þ
where, ðÞ ¼ @=@r; ðÞ0 ¼ @=@h. Substituting Eqs. (3.6)–(3.8) into Eq.
(3.9), the governing equation is analogous to the elastic–plastic
expression (Guo, 1993b) as follow
1þ Tz
3
a1 ~rn1e f
2 eU þ eU 00 h i ~rn1e f 2 eU þ eU00 h i00n o
þ ~rn1e f eU þ eU 00 h i00 þ a2 ~rn1e eU 0 0
þ nðf  2Þ ~rn1e ða3 eU þ eU 00Þh i ¼ 0; ð3:10ÞFig. 6. Comparison of results obtained by the RR description for plane stress and
plane strain, C(t)  Tz description and the 3D FE results for SEC specimens at (a)
t⁄ = 0.1 and (b) t⁄ = 10.where
a1 ¼ ½nðf  2Þ2;
a2 ¼ 2ðf  1Þ½nðf  2Þ þ 1;
a3 ¼ f ½nðf  2Þðf  1Þ þ f  2:
For a stress free mode-I crack, the symmetric (about h = 0) boundary
and the stress-free boundary conditions are described as:
@rrr
@h
jh¼0¼0;
@rhh
@h
jh¼0¼0;rrhjh¼0¼0 ) eU 000ð0;TzÞ¼ eU 0ð0;TzÞ¼0;
ð3:11Þ
rhhjh¼p¼0;rrhjh¼p¼0 ) eUðp;TzÞ¼ eU 0ðp;TzÞ¼0: ð3:12Þ
In the vicinity of the crack border, the stress ﬁeld is governed by Eq.
(3.10) together with the boundary conditions Eqs. (3.11) and (3.12).
To solve this problem, ﬁrstly set eUð0; TzÞ ¼ 1; eU00ð0; TzÞ ¼ x to nor-
malize the homogeneous equation. Then the problem can be sepa-
rated into two processes. One is initial value problem of Eq. (3.10)
with
eU000ð0; TzÞ ¼ eU0ð0; TzÞ ¼ 0; eUð0; TzÞ ¼ 1; eU00ð0; TzÞ ¼ x: ð3:13Þ
and the other is a generalized equation set
eUðp; TzÞ ¼ Fðx; f Þ ¼ 0; eU 0ðp; TzÞ ¼ Gðx; f Þ ¼ 0: ð3:14Þ
A combination of the fourth order Runge–Kutta method and a
shooting procedure is adopted to solve Eq. (3.10). In order to im-
prove precision and accelerate convergent speed, the Richardson
extrapolation method is applied to vary the step lengths in order
to meet the precision during the iteration automatically.Fig. 7. The percentage errors with respect to the numerical results for C(t)  Tz
description for CCT specimens at (a) t⁄ = 0.1 and (b) t⁄ = 10.
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Taking the integral path to be circular with radius r lying within
the dominant singularity characteristic zone, C(t)-integral can be
evaluated as follow (Landes and Begley, 1976):
CðtÞ ¼
Z p
p
ðW cos hrdh rijnj _ui;xrdhÞ; ði; j ¼ r; hÞ; ð3:15Þ
where W ¼ R _eij0 dW ¼ R _eij0 rijd _eij.
It can be obtained from the strain rate solution-equations (3.6)–
(3.8) and geometrical relation-equation (2.5) that
_ui ¼ 32BK
nrnðf2Þþ1~_uiðh; Tz; nÞ; ð3:16Þ
where
~_ur ¼
~rn1e
nðf  2Þ þ 1 f 1
1þ Tz
3
f
 eU þ 2 Tz
3
eU 00 ;
~_uh ¼ 1nðf  2Þ 2~r
n1
e ð1 f ÞeU0  ~_u0rh i:
Substituting Eqs. (3.2)–(3.8) and (3.16) into Eq. (3.15), it can be ob-
tained that
CðtÞ ¼ BKnþ1rðf2Þðnþ1Þþ1IðTz;nÞ; ð3:17Þ
where
IðTz;nÞ¼
Z p
p
n
nþ1 ~r
nþ1
e cosh
3
2
sinh ~rrr ~_uh~_u0r
 
 ~rrh ~_urþ~_u0h
 h i
 
dhþ3
2

Z p
p
nðf 2Þþ1½  ~rrr~_urþ ~rrh~_uh
 
cosh
n o
dh:Fig. 8. The percentage errors with respect to the numerical results for C(t)  Tz
description for SEC specimens at (a) t⁄ = 0.1 and (b) t⁄ = 10.Substituting Eq. (3.17) into Eq. (3.16)
_ui ¼ 32 _e0r
CðtÞ
_e0r0Iðn; TzÞr
 n=ðnþ1Þ
~_uiðh; Tz;nÞ: ð3:18Þ
Guo (1993a) gave the results for f(z) as follow
f ðzÞP ð2nþ 1Þ=ðnþ 1Þ: ð3:19Þ
Only when Tz = 0 or 0.5, the equal sign in Eq. (3.19) is tenable. Then
it can be found from Eq. (3.17) that only when Tz = 0 or 0.5,
f = (2n+l)/(n+1) and the relation of amplitude K with C(t) will be
independent of r, or else f– (2n+l)/(n+1) and the relation will be
closely dependent upon Tz.3.3. Characterization of crack border ﬁelds
Substituting Eq. (3.17) into Eqs. (3.2)–(3.4), (3.6)–(3.8) and
(3.16) leads to
rij ¼ r0 CðtÞr0 _e0IðTz;nÞr
 1= nþ1ð Þ
~rijðh; TzÞ; ð3:20Þ
_eij ¼ 32 _e0
CðtÞ
r0 _e0IðTz;nÞr
 n=ðnþ1Þ
~_eijðh; TzÞ; ð3:21Þ
_uij ¼ 32 _e0r
CðtÞ
r0 _e0IðTz;nÞr
 n= nþ1ð Þ
~_uijðh;nÞ; ði; j ¼ r; hÞ: ð3:22ÞFig. 9. The percentage errors with respect to the numerical results for (a) C(t)  Tz
description and (b) C(t)  Tz  Q⁄ description for CCT specimens under extensive
creep conditions.
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slightly, which means that the inﬂuence of r on C(t) is small. And
further, the exponents of C(t) in Eqs. (3.20), (3.21) and (3.22) are
1/(n+1), n/(n+1) and n/(n+1), respectively. Then the inﬂuence of
C(t) dependent on stresses is much smaller, especially for higher
n. While that inﬂuence have obvious effect on strain rates and dis-
placement rates. Therefore C(t) in Eq. (3.20) can be approximated as
a constant in creep zone.
3.4. Crack tip opening displacement (CTOD)
At short time after load application (small scale creep), substi-
tuting Eq. (1.5) into Eq. (3.22),
_ui ¼ 32 _e0r
J
_e0r0IðTz;nÞrðnþ 1Þt
 n=ðnþ1Þ
~_uiðh; Tz;nÞ: ð3:23Þ
Integral equation (3.23),
ui ¼ 32 _e0r
J
_e0r0IðTz;nÞrðnþ 1Þ
 n=ðnþ1Þ
ðn
þ 1Þt1=ðnþ1Þ~_uiðh; Tz;nÞ: ð3:24Þ
Using the 90 intercept deﬁnition for CTOD frequently adopted in
numerical analyses leads to
dt ¼ 2uhjh¼p;r¼uh : ð3:25ÞFig. 10. The percentage errors with respect to the numerical results for (a) C(t)  Tz
description and (b) C(t)  Tz  Q⁄ description for SEC specimens under extensive
creep conditions.It can be obtained from Eqs. (3.24) and (3.25)
dt ¼ 2uhjh¼p;r¼uh ¼ dn
J nþ 1ð Þ1=n~t1=n
r0
¼ dn CðtÞðnþ 1Þ
ðnþ1Þ=nt~t1=n
r0
;
ð3:26Þ
dn ¼ dnð _e0; Tz;nÞ ¼ 3 32
 1=n
~_e1=n0
~_uhðp; Tz;nÞðnþ1Þ=n
IðTz;nÞ ; ð3:27Þ
where ~_e0 and ~t are dimensionless quantities extracted from _e0 and t,
respectively.
Similarly, we can get the dt under extensive creep and transition
period, as follows:
dt ¼ dn C
t~t1=n
r0
ðextensive creepÞ; ð3:28Þ
dt ¼ dn C
ðnþ 1Þðnþ1Þ=ntT~t1=n þ Ct~t1=n
r0
ðtransition periodÞ: ð3:29Þ
Evidently, Eqs. (3.26)–(3.29) show that the linear relation between
CTOD and C(t)-integral is affected by Tz and t.
4. Numerical model
To verify the efﬁciency of the asymptotic solution, ABAQUS 6.8
is employed to model the cases of a single-edge cracked (SEC) spec-
imen and a centre-cracked tension (CCT) specimen under mode I
condition as shown in Fig. 4(a) and (b). The dimensions of the spec-
imens are as follows: a/W = 0.5,W = 25.4 mm, L = 114.3 mm, thick-
ness h = 4 mm. For the SEC and CCT specimens, the crack length areFig. 11. Comparison of results obtained by C(t)  Tz description and C(t)  Tz  Q⁄
description for (a) CCT specimens and (b) SEC specimens.
Fig. 12. The inﬂuence of z/h on the Q⁄ parameter.
Fig. 13. The position of model for drawing isosurfaces.
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straight crack front is located at the center of the width along the
z-axis (x,y = 0). Only a quarter of the plate is modeled with ﬁnite
elements, since the problem has reﬂective symmetry with respect
to the mid-plane (z = 0) and the crack ligament plane (y = 0). The
ﬁnite element mesh is constructed with 20-node 3D brick ele-
ments. In the plane (x–y plane) perpendicular to the crack front,
the element size gradually increases with increasing radial dis-
tance from the crack border, while there are 16 elements in each
circular ring surrounding the crack border. To consider the detail
of large deformation and blunting of the crack border, an initial
notches with root radius q = 0.001 mm is adopted, as shown in
Fig. 4(c). The identical planar mesh is repeated along the z-axis
from the mid-plane (z/h = 0) to the edge-plane (z/h = 0.5). In order
to accommodate the strong variations of ﬁeld quantities with
respect to the z-axis, the thickness of successive element layers is
gradually reduced toward the free surface. There are 10 element
layers through the half-thickness, and each layer contains 656
elements.
The material constitutive model is given by Eq. (1.4). In this
work, the material properties are n = 5, E = 154 GPa, m = 0.33,
B = 1.348  1046 (Pa)n/hr. The initial tensile yield stress is
r0 = 417 MPa, and _e0 ¼ Brn0 ¼ 1:699 103hr1. The specimen is
subjected to a constant remote tensile stress for all time
(t = 0?1), P = 5080 N.
5. Result analyses
Here, the transition time tT is obtained by substituting C⁄ and J
in the mid-plane into Eq. (1.8). For the convenience of analysis, let
t⁄ = t/tT.
When Tz = 0,0.5, dn in Eqs. (3.26), (3.28) and (3.29) is actually
the same as that in power law plasticity solids of plane stress/
strain problems. Then, we deﬁne a dimensionless length K analo-
gous to J/r0 in power law plasticity solids as follows:
K¼ rr0=½CðtÞtðnþ 1Þðnþ1Þ=n~t1=n; ðsmall scale creepÞ; ð5:1Þ
K¼ rr0=ðCt~t1=nÞ; ðextensive creepÞ; ð5:2Þ
K¼ rr0=½CtTðnþ 1Þðnþ1Þ=n~t1=n þ C~t1=n; ðtransition periodÞ: ð5:3Þ
The C(t)-integral is obtained using the inherent program in ABAQUS.
5.1. Comparisons between C(t)  Tz description and RR description
(h = 0 and z/h = 0)
Figs. 5 and 6 show comparisons among 3D ﬁnite element re-
sults, RR and C(t)  Tz description for rhh(h = 0 and z/h = 0) in both
small scale creep and extensive creep conditions. It is obvious that
rhh obtained by C(t)  Tz description (3.20) is much closer to the ﬁ-
nite element results than the RR descriptions, and represents the
transition state from RR (plane strain) at the crack border to RR
(plane stress) far away from the tip.
5.2. The percentage errors with respect to the numerical results for
different layers (h = 0)
For fracture in the brittle and ductile region, we often postulate
that the fracture initiation occurs when a critical tensile stress is
achieved over a signiﬁcant microstructural distance, which nor-
mally encompasses the fracture process zone. Ritchie et al.
(1973); Ritchie and Thompson (1985) suggested that the critical
distance rc from the crack border is within the range of 1 < rc/
(J/r0) < 5. Analogous to brittle and ductile fracture, the area of
interest in creep fracture is 1 < r/K < 5, and we investigate the
percentage errors between C(t)  Tz description and 3D ﬁnite
element results just in the range of 1 < r/K < 5.Figs. 7(a) and 8(a) indicate that C(t)  Tz description can provide
an accurate prediction for the circumferential stress near the crack
border under small scale creep conditions, even for CCT specimens
which develop unconstrained crack border ﬁelds. While under
extensive creep conditions, as shown in Figs. 7(b) and 8(b), it is
necessary to introduce a third parameter Q⁄, a quantitative mea-
sure of the crack border constraint caused by geometries and load-
ings, even for SEC specimens which develop full constrained crack
border ﬁelds, especially for edge-plane.
5.3. Comparison between C(t)  Tz description and C(t)  Tz  Q⁄
description under extensive creep conditions (h = 0)
Analogous to J  Tz  QT theory proposed by Guo (2000), we
propose the following formulation
rij ¼ r0 CðtÞr0 _e0IðTz;nÞr
  1
nþ1
~rijðh; TzÞ þ Qr0dij; ð5:4Þ
where
Q  ¼ ðrijÞFE  ðrijÞCðtÞTz
r0
ath ¼ 0 and r ¼ 2K: ð5:5Þ
According to McMeeking (1977), the inﬂuence of the ﬁnite geome-
try ﬁelds associated with crack border blunting on near tip stress
and deformation ﬁelds is conﬁned in a region of 1 < r < (2  3)dt,
and O’Dowd and Shih (1992) suggested Q in elastic–plastic solids
to be calculated on r = 2J/r0, just outside the zone of ﬁnite geometry
ﬁelds. Then, the proposed Q⁄ is calculated at r = 2K. As shown in
Figs. 9–11, it is quite obvious that C(t)  Tz  Q⁄ description is better
Fig. 14. Isosurfaces with different values for (a) rrz (positive), (b) rhz (positive), (c) rrz (negative) and (d) rhz (negative).
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(z/h = 0.454). Furthermore, Fig. 12 shows that Q⁄ decreases with z/
h increases.5.4. Singularities of rrz and rhz (SEC specimens)
Here, SEC specimens are considered at t⁄ = 0.1, and the position
of model for drawing isosurfaces is shown in Fig. 13.
Isosurfaces with different value are presented in Fig. 14, where
the shear yield stress s0 ¼ r0=
ﬃﬃﬃ
3
p
¼ 240 MPa. Both positive direc-
tion and negative direction are considered to investigate the singu-
larities of rrz and rhz, and it is obviously that the isosurfaces of rrz
and rhz shrink into the corner point as the absolute value of isosur-
face increase. Then it can be concluded that rrz and rhz have no sin-
gularity in the interior of the cracked plate.6. Conclusions
The main results in this study are summarized as follows:
(1) The three-dimensional asymptotic solution for mode-I crack
border ﬁelds is obtained theoretically for creeping solids
obeying the Norton power law. It is shown that the out-
of-plane shear stresses rrz and rhz can be ignored in the
asymptotic analysis, which leads to the singular stresses
being determined by the stress function U33 alone. There-
fore, a three-dimensional crack problem can be simpliﬁed
as a quasi-planar problem in the x–y plane with the triaxial
stress constraint Tz. The asymptotic ﬁelds are sensitive to Tz,
and a two parameter C(t)  Tz description is necessary to
characterize the three-dimensional crack border ﬁelds.
(2) Detailed ﬁnite element analyses show that two parameter
C(t)  Tz description is efﬁcient to dominate the three-
dimensional stress ﬁelds ahead of a through-thickness crack
under small scale creep conditions, while three parameter
C(t)  Tz  Q⁄description is necessary for the three-dimen-
sional crack border ﬁelds under extensive creep conditions.
The three parameter description based on the three-dimen-
sional constraints, including both out-of-plane constraint
and in-plane constraint, can provide an advanced theoretical
basis for three-dimensional creeping cracked solids.For more general and complicated creeping solids, such as elas-
tic–plastic creeping cracked body, the solution will be difﬁcult to
be obtained analytically. However, the out-of-plane constraint fac-
tor Tz should also be a dominating parameter as it dominates the
crack border ﬁeld in both plastic and creeping cracked bodies.
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